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^ Simplified Solution of the Stresses in S-oace Franie 

^ r Structures" by Lt. C. L. Haycn, CEC, USIT. This thesis 

er/' discusses the analysis of snace frame structures by the 

method of "tension coefficients". A simplified appli- 
cation of the method is presented and two examples are 
presented to illustra.te the application. The simplified 
application could be used in the analysis of simple 
space frame structures, however further resea,rch is 
considered necessary before more complex frames could 
be analyzed by this method. 
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J'incG all frainod structures have length, bro*.duh, 
and thickness, ^11 frasaes actu?^lly ere space ctructuree. 
L-ceigneri! are nccust^Eied to tro^t designs of frame® as 
« group of planar fr»rnes, despite the facu th*-t the 
twisi^ing action o* an eccentric or di gon*' 1 rind force 
upon Q, Bteol frasio produces a problem iavolviug forces 
in spaco^ !<.here are structures where the entire analysis 
nmst be studied in three dimensions* jeramoa pcdosUls, 
towers with three or more legs, framed doaot , ■ nd bridge 
tru'b'sce having a eotamon cbox*d, are ox^mples of space frusor* 
I'he r*f,co3'.ary computations are not particularly com- 
plicated, but th<^y are more tedious than those if rolved 
in the analysis of planar stroeturcs* iiethods haVi. 
boon devised to reduce the tedious work involved in the 
solution of space frames* S!bo subject of this paper is 
another simolifica tion of the solution of SjXiCO structures* 
letermingney of space structures * Uethods for simplified 
space trams solutions have been investigated in the last 
fifteen years by many of the Ic^aing design engineers uind 
ma thetas ti Gians* ^'hese methods have been derivee fro® work 
done in J^urope during the nineteenth century* lirst sol- 
utions were regular calculations of forces and momenta 
at joints in the throo pl^^ncs* Iho dotermln^^ncy of the 
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Btmcturo ic basad on tho f^cl that the throe force at.d thre 

aaoBont equations can bo used at each joint which has 

mombers in three planes, i-ach joint with aeeib* re in . 

only ono piano will reduce the total nucibor of pooslblo 

equations by t\T 0 » Accord iu^ to 'Printer, those etato- 

Hients give the formula for determining whether or not 

a frame is determinate* ^is e'Uation; 

r 4 b * 2j-p whore r ^ Kumber of roaetlone 

b - Sumber of bars 

j * Tiumber of joints 

p r !?umbor of joints 
in whioh all mem- 
bers lie in one 
planes* 

fpoff ord equation for determinancy has a greater 
range for application. If a roection ic eliminated 
by raotbod of construction either by fixing the dir- 
ection of certain reactions or by oliniiuatir»g it en- 
tirely, the number of o*uations whould be reduced* 

^Therefore, if a frame required s cert:^in number of 
ro?:.c lions for stability and this number gives an in- 
dotermiuate Btructo.re, certain reactions are changed 
by construction to give u do terminate structure. 

^pofford’s equation; 

2j = b •«“ 3r-s where j • Eumbor of joints 

r « dumber of suppotts 

b * Kujnber of bars 

c - Kumber of recict&ons 
eliminated 



The Reactl&n l>roblpp » Those tow •qaatione eo*« to tlo 
down ‘vho possibility of solving » «poc© frame. Tho 
proble® which still roapins ho^evor l& to place the 
roactlons and aeo onot^gh to make tho atructuro ptablo. 
It is ovldent that In many complosc structures, th« 
most difficult problem is to place the reaction pc 
as to liave a stable and detoralnate structure. In 
preparing tblr pauper, the placing of reactions for the 
various Illustrative problem? pre«.ent«d the greatest 
difficulty. Ihic was mot in some cases by stating 
conditions which would limit the number of rcactiona. 
The r«»acon for *?tating conditions mill be further 
diseucsod for each proble©. 

Method fff gen si on Coefficients. A method of tension 
coefficients top deoised by Professor H. V. foutbwoll 
of 03?ford which slEsplifles ^he straight computations 
involved rbon tho ^ix equations arci mritton at each 
joint. This method rill be explained briefly becaueo 
the subject of thin paper is & modlflctttlon of the 
method of tension cooffioients® 

In this method, the strepe In a bar equ&le tb© 
product of the length of the member and tho tension 
coefficient T = tX^. Assume a bar aB In a space fraae 
and carrying a tensile force of Tab* ^AB *-® 
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la ng tb , the force on the bar ir equal to r 

m3 AB AB 

If the coordinetee In epaco of pointc A end B are 
respect! vo3^ and y^, then the eom-- 

ponent of T ^ho Z direction in bar AB equals 

3t)* If tblB component is divided by then 

it equals Also 




and 






AB 



AT3 









ComponontE along I, Y, and Z axes at B arej 

WV*B> 

which ore equal in magnitude but opposite In sign to 
those at Ao At any Joint the rcjasation of the tension 
cooffiolente times th© projections on the axis plus 
external for cob is equal to *ero along each axice 
Since all members aro assumed to fcaTO toneion, tension 
ooffieionte with positive signs are in tone-ion ^ and 
thosQ with negative signs are in comprocBian* 

Object The method of tension coefficients can be 
further Bimplifiod into a syetem of projection ratio 
multiples. The object of this paper is to develop the 



end G' pl^r3u.tion of ihic mothodo 



Comparicjn# 'ihis si'ipllfiod sjl&tiori is ainilur to 
tho «Bo of iKiG 2 nuffiVtrs in pi nar atructurof* ’j.be 
Kolution is T^ry Bimple for ainipli' frj>fiiGB; ho^ uver fer 
comploj framec, tto colc-tion is sfclll complcj.* Cn 
compariron with other 'aothods, it gives a Bi;^«pler sol- 
utiDiiG for the siiapiex frair.os invoo uiga tod; however 
It ic probable that sortie jjroblemr. could bo solved Gfisler 
by other coethods. ’Ji'his could only be shown by com- 
parieon with every type ^nd therefore is b- yond tho 

scope of this paper* 



5Hr rupLinn* ro^uTioii 



The T^icthod of tondion coelf icientB c«n b© inoa- 
ille'? to a aretca similar to Indoy nr-'iibcrr in pl&n r 
true e@» The»«j nusbore sill be called ht nunaborw in 
this paper* Tho hi r.ursbcr in each b*_r • ill b© positive 
if tensilo ntreSB and iisgettive if coriprasriv© f trees * 
The etrenr in the Sicnber will bo a product of the ht 
number and the length of the Eienbor divided by the 
tern b. Iho tena b is the key lo this sioplifiecj 
solution; therefore it must be itnderstood ?bat the 
distance h is before the problem can ho solved by 
this sethoii* In tension coefficients method, the sol- 
ution Is started at a joint which has an oxtornal load* 
There are one or more r.hich tal;e this ox term'd 

load out of the joint* If the load is pt^rullel to one 
of the r.xs® choaen, the distince h is the diev-ance fro® 
the first joint eolved to the next joint on a line 
poralleX to the load. The distance h for other dir- 
oetions of loading will be taken up in a later prob- 
lem :.nd a general oofinition of h will be given in the 
eum’^ry* 

Proof of equation* 

Itcosw ~ ht X L 

K 

Tho proof of this equation can be made by taking 
& simple joint of a sj«ice frame and applying the 
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LiGibodi of tension cjofficionts^ 

In the following troec, tho lo d of unity acts 
parallel to ono axis and acts on a member connoetl^i^ 
t's^'o supports* 'Xlils is, of course, a special loading 
and for the ctions shown t ould not be stable under 
any other loading* It will bo a good oxaiaplo, however, 
to explain the derivation of this method of eolution* 
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In th- proof, Instoad of vriting 
tbo tom will be with the proper ©ign on 

the projeot'ion Ig^r* 



Folving for joint 

In the X direction 

t p T { “•Xf. T ) '♦' 

4-* X ^ JL 

In the Y direction 

In the Z direction 
^ 2 - 11^ '^£-11 






^“■^£-11^ 



2-11 ^^S-11^ ® 

i» 

€ 

} ^ 2/S = 0 



0 



Bines joint 2 is the origin of the solution, the 
moabr^r 2-11 projected into the plane of the force 
gives the distance h* xbie projection equals ^z^ll - 



xberefor©: 



^£- 13 . 





rinoc- every laesber solved at this joint has some 
coiistsnt over h atid ovory nember to b- solved depenos 
upon these first three xaembers, it can be seen th- t 
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the tension coefficient of every member in the 
Etrueturo will bo a constant over 'xhornfore, 
let all tension coofficionta be multiplied by h. 
'Ibis £:iv'on; 



^^S~ll = 



^ *^£-11 



r.i 



= "■^£-11 




( £/3 } 



Oho ht*E nov' r-',ual a ratio of projeetionp timoe 
tbo reaction (2/S), Tbe ratio is tho projection of 
the fciown to the projociion of tbe unknown. 

In thiB truss tbo projection r." tioe of all mem- 
bers will be l/l, 1/E^ or E/l, ^Dhls will not be tbe 
case la all Btrxicturos of course but sinco space frames 
usually have some eymmetry, tbe rstios are easily det- 



ermined. 



lo go back to the Owuatione: 

Xbo X projection ratio 

Ibc Y projection ratio 

'fberofor©: 

^^E-11 * 
htg^ ^ -1/S 

ht .4 , -1/S 



- 5 - 1 

iu E 

- B.5 . _ 1 

17 E 
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Falutlon of Joint 1: 

In the X dipoction; 

In the T direction: 

In the 2 direction; 

H-li- ^ 

iPo» Joint 2, ^12' 

= --lx 1/2 ^ - l/S 

I “IT 

And, 

hti4 = 1/5 
“‘is = 

•’*1-11 = 






Therefore; 

h.4= ^12 



T 



14 









'12 z. 



"^14 



(1/s ) 



0 



'Mr_J 




mm ^ 
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The solution of bt*« thus uorivud Is as tealout 
as the toTjslon coofflclcntc; bowSTer using tbs fos 
rules stated, and oolTiwg the projostiosj ratios 
mentally, the solution l» ande on sl^rbt for all bt*s 
of tfeo truBO« In order to decjjnotrat©, the joints 
and aesE^ors of the ubole truss will be eo3.red in 
steps, and an explanation will be laade of each step* 
^oint Z: 

y-3 Plano 3^-Y plane 




yrom Y-a Place; 

** projeetion ratio is l/l hen the 
load lies parallel to one of the axie* 
ht«^ = -l/S •* the projection of the known, £~11 to 

the unknown £4 is l/2« l/Z x Z/Z = 1/ 
The Mticua sign shows tho coapreceton 
ncoees' ry to take the tension of £~11 

Pro© X»y Plano; 

-l/S - the projection of tho faiown, £-11, to 
the unknown £1 is l/E» X/Z x tho 
known ht£^j^j^ which is 2/3 = 1/3© 



i^oKiber is in compreseion® 



Joint 1; 



T-2 Plane PL^t© 




Fron Plane; 

hti 11 = 0 ** no reaction or load. 

^roffi 1-Y Plane; 

hti 4 = 2/^ " tbo projeo Ion of t-be knovn 1£, to the 

projection of the unfcriOwn„ 14, ie 1/1. 
l/l X tbo knovfii ht which Ic i/S = l/S. 
htig = ~l/^ * projection of the known, 14, to the 

projection of the unknown, 13, ie X/l« 
1/1 X the Kn^wn ht which is l/3 = l/r© 
Iteraber 1© in coapressi^n. 



Joint 11; 



¥•2 Plano 




X-Y Plfnie 




From Y-2 Plane; 

^^11-3 - ^ etree© in somber ll-l ie 0« 

^Hi- 4 = "* projection of tie known, ll-£, to 
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tho projooti«jn of the unknown, 11-4, ie 
1/1» 1/1 X tb® kisown which ie c/?) = E/S» 
kembor Is in conpreesion* 

From 2-Y Planes 

htii^lO =: *• projection known. = X 

projoctlon unknown , H-lo S’ 

projection known, 11-4 _ 1 

pro Joe ii on unknown , 11-ld S 

Both meinberp act in same direction; theoe- 

fore, 1/2 X 2/3 1/2 x 2/3 E/3. 

Joint 3: 

y-Z Plane X-Y Plano 




ProB Y-Z Plane: 



*^%-10 - 0 - titg.fi 0 

<w 

PrcMS X-Y Plane; 

ht34 = 0 - only member at th© point which does not lie 

in plane with other iRombere. 

ht??K * -1/3 - projection known. 81 _ 1 

projection unknown , M X 

1/1 X 1/3 - 1/3. 



Member is in compreeslon. 






Joint 4; 



Y-Z Plane X-Y Ple.no 




^^4-10 - •*• projeotijn ratio - l/l. Xnowno act 

in oppoeite fiiroctiono; therefore 

1 - E/S = 1/3, 

Member is in compression, 

from X-Y Plano: In X direction: 

ht .g rr 1/6 - projection 4->ll - 1 

projebVion 46_ ^ 

proiootlon 4»10 - 1 
projection 4fe ^ 

projection 41 _ 1 

pro j Gc t i 0 n 4^ X 

1/2 X 2/3 •<- 1/2 X 1/S - 1/1 X 1/3 =- 1/6, 
In Y lireotion; 

ht 46 * 1/3 - projection 4£ _ 1 

projection 4il ” T 

projection 4~11 - i 
projection 4^ 2 

projection 45 _ 1 
projection 46 ” 1 

projection 4”10 - 1 
projection 46 ~ 2 

projection 41 _ 1 
projection 46 T 





^ 4 «r-X 

tl **• 
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& » At*±JKita^^ ' 
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Joint 10 



1/1 X 1/S 'h 1/1 X z/z 1/1 X 1/e - 1 /E X 1/s 
« 1/1 X 1 /s a 1/3 



Y-a Plane 




Z-Y Plano 




^ho-6 = 



projection X0»4 1 

pro Joe lion 19-e T 



1/1 X 1/S =• 1/S. 



From i-y Plane; 

bt^o^n =r 3/3 « projection 10*>11 - 1 

projection 10-V T 

projection 10«»4 » 1 

projection 10-9 E 

projection 10-6 _ 1 
projection To-y T 

1/1 X Z/7 - 1/2 X 1/3 - 1/2 X 1/3 = 1/S. 

Joint 5; 

Y-S Plane Z-Y x lane 





Proia Y-a Plane; 




bt 



6-10 



=.0 
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FrDKi X«y Plano: In X direction; 



ht 



56 



-1/6 • nrojeotloD 54 - 1 

pro^octlon S6 T 

1/1 X 1/6 



kerabor is In com rosr ion 



In Y direction: 

htp.„ = «*l/6 - pro jection 53 - 1 
® ’ proyoction b*? X 



projection 54-1 
projection M T 



1/1 X 1/S - 1/1 X 1/6 -=^1/6. 

Joint 6: 

y-?* Plano 

6 7 



x-y piciTi© 





Prom y«S Planei 



ht-- a ~l/3 - projection 6«»10 ~ 1 

pr ol c ti bn " 6 V X 

1/1 X 1/S = 1/3. 

Hombor is in compress ion. 



Prom X-Y Plano: In X direction; 



ht 



67 



r l/6 - projection 65 - 1 
projection 67 X 



projection 69 __ 1 
projection 67 X 



projection 6«»10 - 1 
pro jee’tion’ 6^ X 



t*’ MUfcKt * 

r «u 

t - R-»ia«w •'*•* «•" 
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X directions, i-Y Plano continued; 

1/1 X 1/6 ’h 1/2 X 1/0 - 1/2 X 1/0 - 1/6 

In Y dlroctlon; 

ht03 =. -l/6 - projection 64 - 1 

projectibn X 

projection 67 _ 1 
pro Joe tion 6^ X 

projootlon 60 _ 1 
pro joo tibn 68 ^ 

projection 6-10 « 1 
projection 68 ~ ^ 

1/1 X 1/0 1/1 X 1/6 - 1/2 X 1/0 

- 1/2 X 1/0 ^ 

Jiiomber Is in compresoion 

Joint 9* 

Y«0 Plane X-Y Plane 





htgij, = 0 ~ ^^95 = 0 

htqo = 1/3 • projection 96 _ 1 

projection 90 X 



1/1 X 1/0 ■= 1/3* 
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JDlnt 7 



Y-S PlQn© 



X-T Plan© 



7 





6 



ht^e 



»l/C • pro ice tl on 76 „ 1 
prb3 oc i i rT T 

1/1 X 1/e = i/e. 

k«ab©r I© in corapreeslon. 
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Member 


Irfsngth (L) 


bt r* umber 


h 


? troBS 
bt X L 

F 




10 


- 1/8 


9.6 


-.35 


15 


17 


- 1/3 


9.6 


-.696 


14 


19.7 


1/3 


9.5 


.691 


l-ll 


13.7 


0 


9.5 


.000 


24 


17 


- 1/3 


9.5 


-.695 


£-11 


13.7 


E /3 


9.6 


.963 


54 


10 


0 


9.5 


.000 


55 


17 


- 1/3 


9.5 


-.695 


3-11 


13.7 


0 


9.6 


.000 


3-10 


13.7 


0 


9.6 


.000 


45 


19.7 


1/C 


9.6 


.350 


46 


17 


- 1/5 


9.5 


-.596 


4-11 


13.7 


- E /3 


9.6 


-.963 


4-10 


13.7 


-1// 


9.5 


-.401 


tc 


10 


- 1 /C 


9.6 


-.176 


57 


17 


- 3/6 


9.6 


— » E 98 


6-10 


13.7 


0 


9.6 


.000 


69 ' 


13.7 


0 


9.6 


.000 


67 


19.7 


Vc 


9.5 


.546 


60 


17 


- 1/6 


9.5 


-. E 98 


6-10 


13.7 


1/2 


9.5 


.481 


69 


13.7 


- 1/3 


9.6 


-.461 


78 


10 


- 1/6 


9.6 


-.176 


79 


15.7 


0 


9.6 


.000 


89 


13.7 


1/5 


9.5 


.481 


9-10 


17 


1/2 


9.6 


©695 


10-11 


17 


£/3 


9.6 
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CArTILEVra TRUFS 








Ctintilevor trups * 

The solution of this trues vs? g etcrted at joint Z 
instead of et one of the reactions® The distance h 
is equal to 5*2 feet since th* distance from joint £ 
to joint 9 parallel to the load line is 6®H feet® 

Since the truss dooo not have a constant vortical cross 
srotion^ the vortical reactions are not direct euiLs 
of the vertical projections of the ht numbers® To 
explain the reason for this, suppose that the sol- 
ution had started at reaction point 5® first, it 
would have Veen necessary to solve for the reactions 
then the regular solution could hare been started® 

Th<* b distance for this solution would bo the vortical 
depth of the truss at the reactions® If the solution 
Is started at joint 2, therefore, the vortical reactions 
at 6 and 6 would be: 



The solution of this cantilever follows® 



^ m Ml MMI ^ dUii 

^ iiiiB iV ^ It ^ «<f UPWI 

*# H f,> ^ t •■i^ f* 

fpM«r #1^^**# Ihnmhmi ^ mm$ ^ mt0 •mm ^ 

# itt «» # <M»>.»i»SiMip r«»i -w» %>« 

• I 41 Mt^«»Naw« 4« 1^ ^ *i*^ 

*a w«« «l -- ■%i„ — %MI 

• «4»»« 4H| .•• «MI«M« ««Co#^ *M «il 

%•«• H ^ i» '«^u«w <tm "H mt*’’ 

««••*«» MV*««JM •t«i'^' 4 •<»« •« !■•»«» «f 
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f.ucuaary table; 



Ken&er 


Length ( L) 


ht number 


h 


rtreee 
bt X L 

K 


OT 

mf 


6,0 


- 6.000 


5.2 


- G .91 


92 


6,0 


- 3.000 


5.2 


- 3. 46 


93 


1£.8 


8 o 250 


5.2 


2 J .3 


98 


10.0 


- 14.260 


5.2 


- 27.45 


94 


12.8 


6.000 


5.2 


14.75 


13 


10.2 


- 1.126 


fc .2 


- 2.18 


12 


e.o 


1.500 


5.2 


1.73 


14 


12.3 


1.126 


6.2 


2.63 


24 


10.2 


0.000 


5.2 


0.00 


83 . 


8.0 


- 6.400 


6.2 


- 9.83 


87 


10.0 


- 22.960 


5.2 


- 44.10 


86 


14.14 


6.130 


5.2 


13.85 


86 


14.14 


3.600 


5.2 


9.81 


84 


8.0 


— 4.500 


5.2 


- 6.92 


35 


10.2 


6.425 


5.2 


12.60 


36 


13.56 


.692 


5.2 


1.80 


34 


8.0 


-.860 


5.2 


- 1.33 


4C 


10.2 


7.126 


5.2 


14.02 
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Vertical roactlone at each eupport 
Vertical height « 20’ 



Pedestal* 



With this type loading, there is no way ol piclc- 
ing the distance h from any of the rules given pre- 
viously# If the solution is started at joint 1, the 
load can be split into ^ sT acting vertically, i/2 in 
the X direction, and l/2 in the Y direction# r,uppose 
that the solution is started at one of the reaction 
joints# The distance h would then be EO feet# Using 
this distance for h, the ht numborc of each member at 
each joint would bo multiplied by projection of member 



to set up the force balance o nations at the joint if 
the solution were started at a loaded joint, such as 
joint 1# 



Por example, the equations at joint 1 will be; 

In the Z direction: 

^ hti^. - ht^^, 

In the Y direction; 

i = 8/20 ht^2.’ "• Q/^0 htj^^, 10/20 ht^^ 

In the X direction; 

i - 8/20 htj^2.f^ 18/20 ht^^, - 10/20 ht^^^ 
This is the reverse of the procedure used in the 
former problem when the vo'’tical reactions wore det- 
ermined • 



The solution for the pedestal follows 
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r:uaimsry table; 



ilombor 


Lengtb ( L ) 


ht numbor 


h 


Stress 
b t z li 










H 


12 


10 


-o435 


20 


1 

• 

CD 


11* 


23 


1.27 


20 


1.456 


14’ 


27.7 


*.567 


20 


-.786 


14 


10 


1.000 


20 


.600 


21» 


27.7 


*.14 


20 


-.194 


2L’ 


23 


•“ . 86 


20 


-.996 


23 


10 


* o 80 


20 


-.400 


32 » 


27.7 


.363 


20 


.503 


33’ 


23 


*1.07 


20 


-1.228 


34 


10 


.666 


20 


.328 


43’ 


27.7 


-.92 


20 


-1.275 


44’ 


23 


.92 


20 


1.055 


1’2» 


26 


.163 


20 


.199 


£’S’ 


26 


.612 


20 


.795 


3’4» 


26 


.967 


20 


1.256 


4’!’ 


26 


.109 


20 


.142 
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Tho olmplifled sotbod is a Bystcm similar ‘oo 

index nnraberF in planar trusses, 'ibese number r 

are called ht numbers In this paper. 

£* Ihe ht numbers are multiplied b. Length to give 

0 

tho stresB in the membors® 

3. The h distance ie the dlstanco from the first joint 
BolTOd to the next joint on a line parallel to 

the load line, unless tho load line ie not parallel 
to one of the axes® In that case, the distance 

s. 

h is the vertical distance from tho first joint 

solved to the next joint and the ht numbers matt 

ho multiplied by ^he ratio length of member when 

0 

the force balance equations are set up at the joints. 

4, Heactions are euros of ht number projections unless 
cross sections parallel to h have changed. In that 
case, the ht number projections are multiplied by 

section dirtance pcirallel to h • 



cross 



C0HCLU?10Rr 

xho author of thiP ptpor bar coniparGdi t it* 
method with fiovo*'al si^-pllflod solutlone and in the 
problme sol red, this solution has toori the ci'aplor* 

It is admit too that tbr solution has rules which are 
CKrabereome to handle; ho' ovor, if a person has cov- 
er 1 space frames to cjIvc, it would be beneficial to 
investigate with i.his method. Ibis method would 
be especially advantageou e if c jiving for influence 
lines for three chord bridge trusses. It was hoped 
that it could be used for solving the bar ring rtreseeo 
in the Schwcdlor dome, but tho addition of stresses 
around tho ring could not bo handled. Iho dome Ftrue- 
tiiro itself ic easily solved by the method erspluinod 
in this paper. 

?urthor roscarch of ‘hie subject may bring further 



simpllf Icati ons 
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